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ABSTRACT:

The structural characteristics of plasmonic nanostructures directly influence their plasmonic
properties, and therefore, their potential role in applications ranging from sensing and catalysis to
light- and energy-harvesting. For a structure to be compatible with a selected application, it is
critical to accurately tune the plasmonic properties over a specific spectral range. Fabricating
structures that meet these stringent requirements remains a significant challenge as plasmon
resonances are generally narrow with respect to the considered selected spectral range. Adapted
from well their well-established role in GHz applications, plasmonic fractal structures have
emerged as architectures of interest due to their ability to support multiple tunable resonances over
broad spectral domains. Here, we review the advancements that have been made in the growing
field of fractal plasmonics. Iterative and space-filling geometries that can be prepared by advanced
nanofabrication techniques, notably electron-beam lithography, are presented along with the
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optical properties of such structures and metasurfaces. The distributions of electromagnetic
enhancement for some of these fractals is shown, along with how the resonances can be mapped
experimentally. This review also explores how fractal structures can be used for applications in
solar cell and plasmon-based sensing applications. Finally, the future areas of physical and
analytical science that could benefit from fractal plasmonics are discussed.

1. Introduction
Conductive structures with sub-wavelength dimensions support localized surface plasmon
resonances (LSPRs), the properties of which are dependent on the geometric parameters of the
structure and the opto-geometric specifications of the experiment. Depending on the material and
geometry of the nanostructure, the LSPRs can span from the ultraviolet to the far-infrared (-IR).
Upon illumination, nanoscale regions of electromagnetic (EM) enhancement, referred to as hotspots, are generated at the surface of the structure. Because of these broad optical properties,
plasmonic nanostructures have found use in a variety of applications including: catalysis,1,
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medicine,3, 4 , surface chemistry,5-7 photovoltaics,8 and most notably sensing.9-12 Typically, gold
and silver are used as the plasmonic material as they exhibit strong LSPRs in the visible region.
An emerging area of interest focusses on exploring the plasmonic properties of alternative metals
and conductive materials to have compatibility with different spectral domains and applications.1326

Although the choice of metal influences the plasmonic properties, the geometry of the structure
plays a critical role in tuning the resonance positions and EM enhancement. Given a fixed shape,
the size of the structure directly influences the spectral position(s) of the LSPR(s). This relationship
is often found to be linear, providing a straightforward means of tuning the resonance to specific
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wavelengths or spectral domains of interest. The shape of the structure influences both the spectral
position of the LSPR(s) and the resulting local EM enhancement. In the case of anisotropic
nanostructures, such as nanorods and nanoprisms, the confinement of the EM field depends
strongly on the polarization orientation of the impinging light with respect to the structure. For
example, the enhancement along the length of a nanorod typically occurs in the near- to mid-IR,
whereas the LSPR long the orthogonal direction (the width of the nanorod) can be found in the
visible region.27 Precise control over these opto-geometric properties is crucial in maximizing the
tunability of the structure and the enhancement capabilities.
Given advancements in synthetic protocols and nanofabrication techniques, one simply needs to
perform a quick search of the literature to face an incredibly vast range of structures have been
fabricated. However, regardless of the structure, plasmon resonances often occur only within a
narrow spectral domain. Broadening the resonance(s) or introducing a series of resonances can
yield not only multispectral compatibility, but also compatibility with multiple applications. In
three-dimensional designs, introducing alternating material layers within the structure has been
used to broaden the resonance and introduce multiple resonances.28-30 The more common approach
however is to design pseudo-planar structures with highly tailored geometries,31-35 including those
with fractal-like properties.
The term “fractal”, coined by Benoit Mandelbrot,36 describes curves that have repeating patterns
that are often obtained by applying some iterative transformation on a system. Applied to
plasmonic structures, this self-similarity, whether exact, quasi, or statistical, leads to a broadband
multimodal EM response. For example, macroscopic fractal antennas are used for applications in
the GHz range.37-40 By rationally engineering the fractal dimensions, the broadband response can
be tuned to specific spectral domains. Fabricating the fractals with plasmonic materials and
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nanoscale dimensions leads to the broadband response to be a series of discrete plasmonic
responses, namely LSPRs. Consequently, the term fractal plasmonics has since been used to
describe this phenomenon.
This review serves as an introduction to the field of fractal plasmonics. Although the use of fractallike plasmonic aggregates as a means of enhancing Raman signals dates to the 1980’s using fractallike aggregates,41 it is really only in the last decade that the area of fractal plasmonics has revealed
its potential due to the development of accurate fabrication methods such as electron-beam
lithography (EBL). We therefore emphasize the advancements that have been made in this
expanding field. We begin by highlighting the fractal geometries that have been studied, along
with their corresponding plasmonic properties. We then provide an overview on how these
properties can be modelled and experimentally measured, and how the multiresonant nature of the
structure can be explained using the hybridization model. Due to the broad plasmonic properties,
several applications involving fractal nanostructures have emerged, and are discussed. We then
describe specific areas of future expansion that can be explored.
2. Optical Properties of Different Fractal Geometries
As the definition for what defines as a fractal is quite broad, many nanostructures have been
described as exhibiting a fractal-like appearance. In this section, we focus on geometries that have
recognizable or well-defined structural properties that classify them as fractals. Depending on the
nature of the fractal, different methods ranging from synthetic to lithographic processes can be
used to prepare the fractals. In most cases, the described fractals were prepared by lithographic
techniques, notably EBL and focused ion beam milling. This section intends to provide an
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overview of general classifications of fractals and their optical properties and is therefore not to be
considered an exhaustive list of all possible fractal geometries.
2.1 Dendritic-Like Fractals
Early work involving the electrodeposition of copper demonstrated that the resulting
microstructures exhibit what have since been described as a dendrimer-like or dendritic appearance
(Fig. 1A).42 In the intervening years, other electrochemical,43-46 and synthetic processes have been
used to prepare plasmonic dendrimers.47-50 Furthermore, these approaches have been used to
fabricate dendrimers with a variety of metal and material compositions including: silver,44, 46
gold,47, 50 platinum,48 copper/silver,43 graphene oxide coated silver,45 and palladium on graphene
nanoplatelets.49 SEM (Fig. 1B) and TEM (Fig. 1C) images reveal that many of the structures
exhibit a palm leaf-like appearance. With this geometry, the fractals exhibit important optical
properties. As shown in Fig. 1D, the plasmon resonance of the structure spans from 500 to above
1000 nm.50 The broadness of this resonance can be attributed to several parameters. As the electron
microscopy images clearly show, the fractals are composed of branches with different lengths,
widths, and geometries. In addition, the adjacent branches have varying gap sizes. Much like
aggregates of nanoparticles,51 each nanoscale difference leads to a slightly different resonance
position, culminating in an overall broad resonance. Beyond exhibiting a broad resonance, the
highly branched nature of the fractal provides a dense distribution of EM enhancement over the
surface of the fractal.52 In the case of the highlighted studies, these structures are typically used to
enhance Raman signals,43-47, 50 and drive chemical reactions at surfaces.46, 48, 49 Surface-enhanced
fluorescence has also benefitted from the use of fractal silver structures prepared electrically driven
processes.53, 54 A significant restriction of these approaches is the limited control over the final
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shape, size, and geometry of the fractal. Overcoming these limitations can be achieved by using
top-down lithographic procedures.

Fig. 1 A) Optical image of dendritic microstructures prepared by pulsed-current deposition of
copper.42 B) SEM image of silver dendrites on a copper substrate prepared by galvanic
replacement.45 C) TEM image gold nanodendrites prepared using a poly(ionic liquid) method.50
D) absorbance spectrum of the gold nanodendrites. Reprinted and adapted from Ref. 42, 50, and
45. Copyrights Elsevier 1998 and 2017, and The Royal Society of Chemistry respectively.
In this regard, EBL is well suited to the fabrication of fractal structures as the technique has a
resolution that is better than 10 nm.55, 56 To date, EBL prepared dendrimers have been shown to
exhibit distinct and intense absorbances in the near- to mid-IR.57-60 Based on the Cayley Tree
geometry (Fig. 2A),58 the design of the fractal is as follows. In the first-order generation, there are
n number of branches, while in the second-order and above generations, there are number of
branches is n – 1. As a result, it is possible to design a wide range of possible geometries simply
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by changing the order of the fractal and the number of inner branches. Only by top-down
approaches is it possible to readily examine how these parameters, along with classical changes
such as altering the length of the nanorods in the fractal, effects the plasmonic properties.
Beginning with the generation order of the fractal, Fig. 2A shows that with each increase in the
generation order, an additional resonance with lower energy is introduced. The nature of these
resonances is discussed in greater detail later in this review. In short, the highest energy resonance
encompasses only the outermost branches, while each lower energy resonances incorporates an
additional generation of the fractal until the global (lowest energy) resonance is achieved. As
shown in Fig. 2B, increasing the number of inner branches results in a blue-shift (shift to higher
energy) of the resonances.59 This effect has been attributed to a change in the geometry of the
fractal. As the number of branches increases, a greater amount of overlap is observed between the
individual rods, resulting in less of the rods being exposed to the dielectric environment.
Consequently, fractals with large numbers of inner branches (n = 6) exhibit greater shifts to the
higher energy resonance, as clearly shown in Fig. 2B. By altering the dimensions and
configurations of the fractal, it is possible to tune the spectral positions of the resonances to specific
regions of the mid-IR spectrum. As a result, surface-enhanced measurements can be performed, as
will be further explored in this review. Moreover, the fractals exhibit a polarization dependence
(Fig. 2B) that can be exploited for other optical processes including polarization-modulation
infrared linear dichroism microscopy (μPM-IRLD, Fig. 2C).60 The observed dichroic response
(negative lobe to positive lobe) occurs at or very near to the position of the resonances. Depending
on the design of the fractal, these dichroic responses differ. By introducing a molecule that exhibits
a dichroic response to linearly polarized light to the surface of the fractal, it would be possible to
probe this response at the monolayer level.
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Multibranched structures, like that of a first-order generation dendrimer, have previously been
prepared by EBL.52 These structures exhibited a resonance in the near-IR. However, it is unknown
how the combination of generation order and the number of inner branches will influence the
plasmonic properties in the visible to near-IR. Do the EBL dendrimers continue to exhibit a series
of new intense resonances, or, is a single broad resonance (or continuum of resonances) observed?
This question opens to valuable new insight into the nature of fractal plasmonics, including
multispectral compatibility. Such a response has been proposed theoretically for the Ternary tree
fractal (Fig. 2D),61 whereas opposed to branching outwards, the high-order generations branch
inwards, with smaller dimensions than the previous generations. As a result, as opposed to lower
energy resonances being introduced, higher energy resonances, closer to the near-IR and visible
region are added. However, no experimental studies have been performed demonstrating the
feasibility of fabricating such a structure, or how the structure can be used in different applications.
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Fig. 2 A) SEM images and transmission measurements for three branched first-, second-, and thirdorder dendritic fractals.58 The scale bars in the array images are 2 μm, and 300 nm in the inset
images. B) Normalized absorbance spectra for second-order dendritic fractals with varying
numbers of inner branches (n) using linearly polarized synchrotron light.59 C) Calibration
polarization modulated spectra for three branched second-order dendritic fractals with varying side
lengths.60 D) Spectral variation of the first through third-order generation Ternary tree fractal.61
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Reproduced and adapted with permission from Ref. 58, 59, 60, and 61. Copyrights 2015 and 2017
American Chemical Society, 2018 John Wiley and Sons, and 2016 Springer Nature respectively.
2.2 Sierpiński Fractals
For the lithographically prepared dendrimers shown in Fig. 2, the fractal structure has a radial
geometry. Alternatively, a base structure, or element, can be repeated such that larger structures
with the same geometric shape are fabricated. These are known as Sierpiński-type fractals. For
example, in a Sierpiński triangle,62-66 the base structure (zeroth-order generation) is an equilateral
triangle. To form the first-order generation, the base triangles are arranged in a triangular shape,
leaving a central cavity. This process is repeated for higher-order generations, leading to larger
cavities with dimensions comparable to the size of the nanoprisms from the previous-order
generation. An SEM image of a third-order Sierpiński triangle is shown in Fig. 3A.62 As the image
also shows, as opposed to isolating the fractals, the fractals can be fabricated near each other
forming a bow-tie assembly and maximize the EM enhancement at the small gap from the proper
polarization. For the fractal structure, numerical calculations yielded resonances at ~6300, 2700,
and 1700 nm, with the extinction spectra remaining consistent below 1500 nm. Although the
enhancement was lower, the calculated electric fields were enhanced even at a wavelength of 700
nm. As opposed to viewing the fractal as a build-up of smaller nanoprisms, the Sierpiński triangle
can be fabricated by introducing the triangular nanocavities into a larger nanoprism. In doing so,
a comparison between a solid nanoprism and the fractal generations with the same overall size can
be made (Fig. 3B).65 When the nanoprisms within the bow-tie are subdivided, the dipolar
resonance of the fractal shifts from ~1700 nm for the nanoprism to ~1900 nm for the first-order
generation and to ~2300 nm for the second-order generation. Such red-shifts were earlier observed
at microwave frequencies,67 and have been observed in other studies involving plasmonic
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Sierpiński triangles.62, 63 These shifts in resonance wavelengths are attributed to the introduction
of additional modes that are the result of the nanocavities that are introduced upon fractalization.
These interactions form the basis of the hybridization model and are discussed in greater detail in
section 3. Other fabrication geometries include introducing a nanoscale spacing between the small
nanoprisms within the fractal described as the open configuration in the inset image of Fig. 3C.65
By isolating the nanoprisms, no connections between adjacent structures are made, making the
structure smaller, resulting in the resonance blue-shifting from 1900 nm to 1200 nm for the firstorder generation structure. Expanding to higher-order generations will yield smaller nanoprisms
yielding resonances in the visible to near-IR.
If the elemental unit is a square, the resulting divergent-type fractal is known as a Sierpiński
carpet,68-75 with other fractals such as the “center fractal” exhibiting structural similarities.76 In
addition to EBL, Sierpiński carpets with nanocavities have been fabricated by focused-ion beam
milling,72 and standard projection lithography (Fig. 3D).68 In the case of the shown fractal, as the
structure is incorporated as a perforated film, only surface plasmon polaritons (SPP) were
observed. Furthermore, due to the large dimensions of the fractal and the use of a silicon substrate
the resonances were found to be in the mid- to far-IR (ω = 160, 223, 313, 348, 477, 664, 949, and
1047 cm-1). The introduction of nanostructures within the cavities was used to introduce LSPRs to
the transmission spectra. In addition to solid films, like the Sierpiński triangle, isolated elemental
structures can be used.72 Here, as the monomer unit had dimensions of 80 ± 8 nm, a broad
resonance in the visible to near-IR (550-750 nm) was consistently observed.
An interesting alternative, one that has only somewhat applied to the Sierpiński triangle,66 is to
fabricate the inverse structure. In such a configuration, what would normally be nanocavities
become the isolated nanostructures, as demonstrated in Fig. 3E.75 Here, the side length of the
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introduced structure is 1/3 the side length of the structure from the previous generation. For the as
fifth-order generation fractal in Fig. 3E, the resulting structures have side lengths of 3.38, 1.12,
0.39, 0.13, and 0.044 μm from the first- through fifth-order generations respectively. With each
new structure, an additional resonance at a shorter wavelength is observed in the extinction spectra
(Fig. 3F). As the dimensions cover a wide range, the resonances span from the visible to the midIR. This approach of incorporating nanostructures with varying dimensions within the unit cell is
analogous to studies involving metasurfaces that support multiple resonances in the mid-IR.77, 78
The Sierpiński carpet has both advantages and disadvantages relative to the mentioned
metasurfaces. Although it is possible to fabricate polarization insensitive metasurfaces,79 the
resonances of the Sierpiński carpet are intrinsically polarization independent due to its
centrosymmetric geometry. Furthermore, the basis of exhibiting broad optical properties is easily
realized due to the iterative nature of the fractal. However, it is this same concept that makes tuning
the resonances to specific wavelengths extremely challenging. In the case of traditional
metasurfaces, the dimensions are individually tailored so that the resonance wavelengths
correspond to specific wavelengths. This is of importance for applications involving surfaceenhanced infrared absorption (SEIRA)-based sensing. In the case of the Sierpiński carpet, since
the dimensions of the structures are directly related, a high degree of tuning beyond a single
wavelength is unlikely.
Given the nature of Sierpiński-type fractals, it is possible to extend the elemental geometry beyond
triangles and squares to use other two-dimensional shapes (i.e. hexagons).80 To the best of our
knowledge, no studies involving plasmonic nanostructures with such geometries have been
published. Furthermore, as opposed to fabricating solid nanostructures, the base units can be
subdivided into other structures. For example, the squares within the Sierpiński carpets can instead
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be made of four nanoprisms pointed inwards with a nanoscale gap separating them. Such a
configuration would maintain the multiresonant nature of the fractal, while introducing a stronger
enhancement of the EM at the apices located at the central gap. This improved EM enhancement
could then be exploited for different applications.

Fig. 3 A) SEM image of a third-order generation Sierpiński triangle.62 Transmission spectra
comparing B) nanoprism bowties, first- and second-order generation Sierpiński triangles and C)
Sierpiński triangles with open and connected nanoprisms.65 D) SEM image of a gold thin film
perforated with a Sierpiński carpet pattern.68 E) SEM image of an inverted Sierpiński carpet with
isolated nanostructures and F) extinction spectra of the various fractal generations where t = 1 is
just the large central structure and t = 5 is the fractal as shown E.75 Reproduced and adapted with
permission from Ref. 62, 68, and 75. Copyrights 2011 John Wiley and Sons, 2008 AIP Publishing,
and 2018 American Chemical Society respectively.
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2.3 Space-Filling and Similar Fractals
In a planar space-filling curve, the range of the structure fits completely within a unit square.
Geometries that fall within this category include but are not limited to: Peano,81 Peano-Gosper,82
Minkowski,83 Hilbert81, 84, 85 and the Sierpiński carpet.75 As shown in Fig. 4A for a Hilbert curve
at a ninth-order generation,85 when fabricated by EBL the fractal is composed of continuous
nanorods. There are several important features associated with these types of fractals. For a unit
square with fixed dimensions, as the generation-order of the fractal increases, the dimensions of
the constituent nanorods becomes smaller. Interestingly, unlike the constituent nanorods that are
anisotropic, the overall fractal is isotropic. As such, there is no significant variation in the
reflectance spectra when probed under orthogonal polarizations (Fig. 4B). Furthermore, the space
between the nanorods becomes smaller as the order of the fractal increases. As a result, the
reflectance spectra are “quasi-flat”, and resemble the optical response of a thin metallic film.
However, a weak plasmon mode near 530 nm was observed. This was attributed to the finite width
(50 nm) of the nanorods within the fractal. An earlier work involving Hilbert curves postulated
that they could be used for surface-enhanced Raman spectroscopy (SERS).84 Given these results,
it is unclear how effective such fractals would be for SERS. More work is needed both in exploring
fractal-order and tuning the resonances before SERS experiments could be performed. Beyond
working with the nanorod version of the fractal, it is also possible to use the curve to be the outer
edge of a fractal structure. This approach was recently used to prepare Koch snowflake fractals
that exhibit a series of resonances in the visible through mid-IR regions.86 Greater details regarding
this fractal will be discussed later in this review.
Although not a true space-filling fractal, structures with an “H” geometry, known as H-trees, are
like the previously described curves. In a true H-tree fractal, with each new generation, the side
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length of the rods is √2 the length of the previous generation. However, decreasing the side length
by ½ every other generation is more often used.87, 88 Such a structure is shown in the inset diagrams
of Fig. 4C.87 Much like the Hilbert curve of Fig. 4A, such an approach yields an isotropic structure.
However, unlike the Hilbert curve, multiple modes are observed in the reflection/transmission
spectra of a perforated metallic film with the H-fractal geometry.87 Here, the resonance at 73 THz
(4107 nm) is attributed to the long slit of the first-order generation, and the resonance at 243 THz
(1234 nm) is from the smaller slits in the third-order generation. As this study only went to the
fourth-order generation, only two peaks were observed. The multiresonant nature of this fractal is
analogous traditional dual-band perfect absorbers where the structure contains elements that are
asymmetric or of different dimensions.89-92 Depending on the geometry, the resonances can be
polarization dependent or independent. Regardless of this, the resonances are highly tuned to
specific spectral domains of interest so that they can be used for specific applications, most notably
SEIRA. To increase the number of resonances, yielding a multiband absorber, the fractal has to be
expanded to higher-order generations.93 An interesting, and to the best of our knowledge
unexplored approach, would be to use the mathematical H-tree design, where the side length differs
with each generation. In such a design, the greater degree of variation in dimension would result
in additional resonances, and the anisotropic nature would make the resonances polarization
dependent. Such an approach could be of great value in the field of opto-electronics. Furthermore,
given that nanorods and nanoslits have different polarization dependences,94 comparing H-tree
fractals of both types could yield interesting and novel plasmonic properties.
Another quasi-space-filling fractal is the Cesaro-type fractal,95 where the overall size of the fractal
is defined by the dimensions of the first-order generation. Much like the Ternary tree fractal
described in the dendrimer section,61 as the fractal-order increases, pointed elements with the same
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geometrical motif are pointed inwards (Fig. 4D). By using sharp features, there is a stronger
confinement of the local EM field at the extremity of the spikes. As the order of the fractal
increases, two key spectral trends are observed. In the first-order generation, a single dominant
mode at a wavelength of 18.7 μm was calculated. At the second-order generation, the resonance
red-shifted to 23.7 μm. This trend of red-shifting the resonance was observed with each subsequent
increase in the order of the fractal. The red-shift was attributed to the perturbation of the smaller
branches that are introduced coupled with the overall increase in the effective length of fractal with
each subsequent generation. Like the previous fractals, increasing the fractal-order introduces
additional lower energy resonances. In the case of the fourth-order generation, the calculated
absorbance spectra showed in Fig. 4D have four resonances (λ1 = 29 μm, λ2 = 12.9 μm, λ3 = 5.9
μm, and λ4 = 2.8 μm). The additional resonances are attributed to the spikes that are introduced in
each new generation. As was the case for the dominant resonance, the newly introduced resonances
red-shift with increasing generation. Given further tuning, namely by altering the dimensions of
the spikes, these resonances could be finely tuned to specific wavelengths of interest. Of the
fractals described in this section, the ability to have multiple resonances (as high as 5) over the
entire surface of the fractal, that occupies an area less than 9 × 9 μm2 is incredibly advantageous.
In this regard, it is comparable to the dendritic fractals in terms of supporting a large number of
resonances in a small surface area. As such, it is believed that this type of structure will be relevant
for many of the applications discussed later in this review.
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Fig. 4 A) SEM image of part of a ninth-order Hilbert fractal and B) experimental reflectance
spectra measured with p- and s-polarized light at varying angles of incidence.85 C) Transmission
and reflectance spectra of a perforated metallic film with an H-Tree fractal. The insets show the
electric field distributions at the two resonances.87 D) SEM images of different generations of
Cesaro-type fractals and corresponding calculated absorption cross-section spectra.95 Reproduced
and adapted with permission from Ref. 85, 95. Copyrights 2015 and 2016 American Chemical
Society respectively.
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3. Modelling and Mapping the Enhancement
Determining the spatial distribution of the EM enhancement for the various resonances of a
nanostructure can provide insight into underlying cause of enhancement. This is especially
important for fractal structures as the nature of the multiple resonances can be attributed to
different structural elements or plasmonic principles. With a greater understanding of these effects,
it becomes possible to design and fabricate structures with highly tailored plasmonic properties.
For nanospheres, Mie’s analytical solution to Maxwell’s equations can be used to model the
plasmonic properties of the structure.96 However, for more complicated geometries, such as
fractals, numerical calculations are needed.97, 98 In these calculations, the extinction spectra and
spatial distribution of enhancement can be determined at the single-structure level.
Examples of EM field calculations for three fractal structures are shown in Fig. 5. When the fractal
geometry includes structures with different dimensions, such as an H-tree fractal, the EM field
distribution of each resonance is very different (Figure 5A).87 Consistent with what was predicted
in the previous section for such a geometry, the long inner portion of the fractal has a resonance at
a longer wavelength (λ = 4.11 μm), whereas the smaller arms of the fractal have a higher energy
resonance (λ = 1.23 μm). As the arms of each generation are well separated, there is virtually no
co-localization of the enhancement, that is overlap of the distribution at each resonance.
Furthermore, the distinct distributions verify the multiresonant nature for this type of fractal. With
each generation (or every other generation for a symmetric H-tree), smaller branches are
introduced. These smaller branches will therefore support a different resonance at a higher energy
than the previous one, with a different spatial distribution of EM enhancement. This effect is
consistent across fractals structures and metasurfaces, where the size of the individual structures
in each generation vary, as in the case of the Sierpiński carpet.

18

For a dendritic fractal (Fig. 5B), each resonance exhibits a different overall distribution of
enhancement, though there is overlap of enhancement between some of the resonances.59 At the
lowest energy resonance (λ = 9.36 μm), the enhancement extends from the inner-most branches
out towards the periphery. This resonance is therefore described as being the global LSPR of the
structure. With each subsequent generation, branches from the inner portion of the fractals no
longer exhibit enhancement, until only the outer dendrons are the source of the enhancement
(highest energy resonance, λ = 1.95 μm). All the resonances were described as being dipolar
resonances. As the fractals can be fabricated with different symmetries,59, 60 it is also possible to
manipulate the distribution of enhancement by changing the polarization of the impinging light.
To understand how the generation order of the fractal relates to the number of resonances and their
spatial localization, a plasmon hybridization model was employed.99-101 The hybridization model
was originally used to describe the origin of plasmon peak splitting in metallic nanoshells.99 In an
approach that is analogous to molecular orbital theory, where the nanoshell can be viewed as a
combination of a metallic sphere and a cavity with each of them supporting their own resonance.
Due to the finite distance between the outer edges of the sphere and cavity, the plasmons interact
with each other. The result of this interaction is the splitting of the plasmon resonance into two
resonances: a lower energy symmetric or “bonding” plasmon and the higher energy antisymmetric
or “antibonding” plasmon. This same description can be applied to the dendrimers as each
generation can be described as a combination of the structures from the previous generation along
with the structures that are to be introduced in the subsequent generation. Details regarding the
tentative model used to describe the splitting for the dendritic fractals are in ref. 59.
It has been argued that a configuration where this is little to no overlap in EM enhancement at each
resonance is less than ideal for sensing applications as different molecules would be detected at
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each hots-spot. In this regard, having a uniform distribution of the analyte over the surface becomes
important.102 Comparing the results of Fig. 5A and B, the dendritic fractals would therefore be the
preferable structure. It is necessary to note that before a final statement can be made, it is necessary
to consider how the experiments are being performed. If the measurements are to be done at the
single-structure level, where the size of the fractal is comparable to the beam diameter, then having
co-localization of the enhancement will be important. However, if ensemble measurements are to
be taken, then uniform distribution becomes less necessary as an average result is acquired. As
such, we believe that overlap enhancement associated with different wavelengths is less important.
Overall, we strongly believe that the relationship between the geometry of the fractal, the
enhancement, and the nature of the experiment, must all be considered.
Due to the diffraction-limited nature of optical measurements, where the spatial resolution is
limited to about λ/2 as defined by the Abbe criterion, experimentally probing the plasmonic
properties at the single-structure level is quite complicated. One approach to probing the
enhancement relies on the use of indirect measurements, where post-irradiation chemical
transformations of a species adsorbed or spin-coated to the surface are probed by electron or
scanning probe microscopy.103-105 These approaches however have not yet been applied to fractal
nanostructures.
Electron energy loss spectroscopy has recently been used to study the multiresonant nature of Koch
snowflake fractals.86 Both the experimental EELS spectra for the first-order generation Koch
fractal were found to have 6 resonances. The corresponding EELS map at the resonance
wavelengths are shown in Fig. 5C. The lowest energy resonance (λ = 5.64 μm, 0.22 eV) was
attributed to the overall dipolar mode of the Koch snowflake. As seen in the experimental (Fig.
5C) and calculated (Fig. 5D) EELS maps, the distributions are more complex. To understand this,
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the authors explored the edge geometry of the fractal, where two segments are placed with a 120°
between them. In doing so, the authors determined that the remaining five modes of the fractal
correspond to the different order modes of just the edges, with the second mode (λ = 3.87 μm, 0.32
eV) being the dipolar mode of the edge geometry. In the calculated EELS spectra, this mode was
observed to be composed of two resonant modes separated by only 46 meV that could not be
separated experimentally. Using a hybridization model, this splitting was attributed to the
interaction of the edge dipolar modes. To further understand this interaction, a series of different
edge lengths were simulated, where it was found that decreasing the side length resulted in a
greater shift. This intrinsically makes sense as bringing the modes closer together (decreasing size)
will lead to a greater interaction between the modes, and finally a larger splitting (as high as 1.2
eV) for the modes. This study highlights how experimental measurements coupled with numerical
calculations can be used to explain complicated fundamental processes, such as plasmon mode
interactions.
However, one of the challenges often associated with EELS measurements is the specific sample
preparation requirements. In this regard, scanning probe microscopies could be a viable alternative
as the measurements can be performed on the same sample used to acquire the far-field absorbance
measurements. Here, the resolution is limited only by the apex of the tip used to scan the structures.
Typically, these measurements are performed in the visible region and rely on techniques such as:
tip-enhanced Raman spectroscopy,106 scanning near-field optical microscopy (SNOM),28 and
scattering-type SNOM.107 Expanding into the infrared requires taking advantage of the
advancements made in tunable mid-IR sources and combining the strong optical contrast that they
provide with the high spatial resolution of an atomic force microscope. Such approaches have been
applied to mid-IR compatible nanostructures.108-110 As many of the fractals described in this
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review, including those shown in this section, exhibit resonances in the mid-IR, we strongly
believe that this approach will find use in studying fractal plasmonics.
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Fig. 5 EM field distributions for A) an H-tree fractal,87 and B) a three-branched fourth-order
generation dendritic fractals.59 C) Experimental EELS maps and D) corresponding calculated EM
field maps for a first-order generation Koch fractal.86 Reproduced and adapted with permission
from Ref. 59, and 86. Copyrights 2017 American Chemical Society.
4. Applications
4.1 Photovoltaics and Photodetectors
The effectiveness of a solar cell is dependent on its ability to absorb incoming light and the
collection of photocarrier current. There is an interest to switch from thick layer solar cells, to thin
film solar cells. However, the decrease in thickness leads to a loss of the absorption of the intense
light from 600-1100 nm within the solar spectrum.111 The interaction between light and metallic
nanostructures has led to the preparation of plasmonic solar cells. Improving the efficiency of the
solar cell by using plasmonic nanostructures is the result of several mechanisms including: (i) light
scattering, (ii) near-field enhancement, (iii) plasmon-induced charge separation.8, 112 Here, we will
briefly discuss the role of the plasmonic nanostructures in these mechanisms to ascertain the
potential role and interest of fractal structures in plasmonic solar cells. Metallic nanoparticles are
known to efficiently scatter incident photons, with the scattering characteristics depending greatly
on the particle geometry.113 The benefit of incorporating the nanoparticles is that the scattered light
travels in all directions, and as a result, will travel longer distances through the active layer. This
is especially important in thin-film devices as insufficient absorption due to transmission through
thin active layer is a problem. A variety of different structures have been incorporated into
plasmonic solar cells, with the ideal position within the cell dependent on the dimensions.114 In
general, small nanostructures should be placed above the active layer as they preferentially scatter
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forwards, while larger structures predominantly scatter backwards and should therefore be added
behind the active layer. Coupling both configurations together can be used to achieve greater
efficiency.115
To date, the incorporation of fractal structures, specifically Sierpiński carpet-like fractals, into
solar cells has been modelled.73, 74 In the first example,73 the silver structures have a thickness of
20 nm, and are placed on a 50 nm thin silicon film that is situated on a 250 nm thick silver contact
(schematic in Fig. 6A). By itself, the free-standing silicon film was found to have a quantum
efficiency of 3.16% (ref-1 in Fig. 6A). By introducing the silver contact, the quantum efficiency
was improved to 6.55% (ref-2 in Fig. 6A). The authors then calculated how the individual
nanocuboids of the fractal influence the efficiency (P1-3 in Fig. 6A), followed by the effect of the
complete fractal. On its own, a quantum efficiency of 12.05% was achieved for the fractal.
However, it was found that the reflectance from 480 to 670 nm was very high, and the absorbance
very low. To lessen this, a 100 nm thick layer of SiO2 was added to act as an antireflection coating
(ARC). By adding the ARC, the quantum efficiency was further improved to 14.22%. In an
alternative approach,74 the Sierpiński carpet made with silver nanocuboids of 50 nm thickness,
were added to the silver back contact (Fig. 6B). To the patterned back contact, a 200 nm thick
layer of silicon, followed by an 80 nm antireflective layer of Si3N4 was added. Much like the
previous example, the addition of the fractal surface increased the absorbance of the light (green
spectrum in Fig. 6C). Because of adding the fractal metasurface, a 109% increase of the shortcircuit current density was calculated.
Although such calculated results do show promise for improving the efficiency of solar cells by
adding fractals, no solar cells have been fabricated where lithographically prepared fractals were
incorporated. The challenge is not one of fabrication capability, but of practicality. EBL is a
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technique of choice for preparing fractal structures, but it is hindered in its inability to prepare the
structures over large areas in a rapid manner. Given that other fabrication processes can provide
the necessary high-throughput capabilities for solar cells, we believe that exploring how the
methodology effects the structural and optical properties of the fractal is a possible area of future
research. In some cases, three-dimensional (as opposed to pseudo-planar) structures can be
prepared.116 Perhaps by using these other methods/structures, the introduction of fractal
metasurfaces can be achieved.
Beyond improving the light-matter interactions with solar cells, plasmonic nanostructures have
also found use for improving graphene based opto-electronics including photodetectors.117-120
Graphene’s unique opto-electronic properties, notably the zero-band gap and ultrahigh carrier
mobility, has made it an interesting alternative to traditional semiconductor compounds that often
contain environmentally harmful elements (i.e. arsenic and mercury).121 However, due to the low
light absorption (~2.3%) of the atomic thickness of graphene,122 and the ultrashort lifetime of
photoinduced carriers,121 photodetectors based solely on the use of graphene are limited. Like solar
cells, graphene-based photodetectors can benefit from the enhanced optical absorption and the
generation of electron-hole pairs. The generated carriers are then separated at the gold-graphene
interface, yielding a detectable photovoltage. This was the approach that was used in a recent study
involving a metal-graphene-metal photodetector, where the plasmonic nanostructures were gold
snowflake-like fractals (Fig. 6D).120 As we have thoroughly described in this review, the advantage
in using fractal nanostructures is that they support broadband plasmonic properties. Here, the
emphasis was once again placed on the visible region, with enhancement factors ranging from 813, though the concept could be expanded to other spectral domains. Furthermore, due to the opto-
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geometric properties of the fractal, this enhancement was polarization insensitive, a key design
requirement for photodetectors.

Fig. 6 A) Calculated quantum efficiencies of the 50 nm thick silicon solar cells with and without
any plasmonic structures on top of the silicon layer, as shown in the inserted schematic. The highest
efficiency incorporates an anti-reflective coating (ARC).73 B) Schematic of solar cell with
plasmonic nanoridges on the silver back contact and C) the calculated absorbance spectra of the
solar cell (red and green) with respect to the incident solar spectrum (blue).74 D) Schematic
representation a metal-graphene-metal photodetector using a gold snowflake-like fractal
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metasurface.120 Reproduced and adapted with permission from Ref. 74, and 120. Copyrights 2014
Springer Nature, and 2017 American Chemical Society respectively.
4.2 Refractive Index Sensing
The spectral position of plasmon resonances depends on the opto-geometric and material
properties of the nanostructure, and the refractive indices of the substrate and surrounding media.
As the refractive index of either the substrate or surrounding media increases, the resonances
undergo a red-shift.123 Changing the refractive index of the substrate can enable the resonance
position to be tuned for vibrational spectroscopy,124 whereas the surrounding media can be used
for refractive index sensing. This is often referred to as SPR and LSPR sensing. These techniques
have shown significant promise for clinical biosensors and medical diagnostics due to the high
sensitivity that it has at the monolayer level.125 For example, the resonance for arrays of gold
nanoprisms at 973.0 nm underwent a 31.5 nm red-shift after surface modification, followed by a
subsequent 10.0 nm red-shift after exposure to the bacteria Pseudomonas aeruginosa.126 The
developed process was sensitive enough to detect the shift associated with the binding of a single
bacterium. As opposed to working with “positive” structures (i.e. nanoprisms), “negative”
structures (i.e. nanoholes) can also be used. Extraordinary optical transmission (EOT) relies on the
use of platforms composed with arrays of structured nanoapertures in an optically thin metallic
film.127 Like SPR and LSPR sensing, the change in the refractive index at the metal surface results
in a peak shift in the EOT spectrum. The advantage of developing fractal structures for refractive
index-based sensing is the presence of multiple resonances in the spectra. Thus far, the
incorporation of fractals to these processes has emphasized “negative” fractals, as shown in Fig.
7A, with resonances in the near- to mid-IR (THz region as described in Fig. 7).66, 128-130 As shown
in Fig. 7B, when the media surrounding the fractal is altered, the resonances undergo linear shifts
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(Fig. 7C).128 As conventional biomaterials have different refractive indices, (ether, 1.35; ethylene
glycol, 1.43; chlorobenzene, 1.52; quinoline, 1.62), these materials can be used to evaluate the
shifts associated within small increases in the refractive index (Fig. 7D).130 Once again, the
presence of multiple peaks provides an opportunity for greater sensitivity for measuring the small
shifts.
The presence of multiple resonances that have the potential to span different spectral domains is
the greatest advantage of fractal structures to refractive index sensing. Furthermore, Fig. 7B
highlights that the linear responses can differ for each resonance. This is especially beneficial when
attempting to trying to relate the changes in refractive index to the detection of an analyte. The
response from each resonance can be viewed individually, and the concentration of the analyte
determined. By comparing the values determined for each resonance, a greater accuracy can be
achieved for the reported concentration. Although the highlighted results are promising for the
development of the field, it is necessary to recognize that these results are predominantly calculated
as opposed to experimental and focus on bulk media and thin films instead of monolayers. Given
that these techniques have shown monolayer sensitivity for classical structures, we strongly believe
that the fractals will achieve the same results. As well, consistent with the literature on
lithographically prepared fractals, the focus has been on the mid-IR. Given that SPR, LSPR, and
EOT-based sensing use visible and near-IR light, more work should probe fractals with resonances
in those regions to maintain consistency with the existing approaches.
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Fig. 7 A) Schematic of the rectangular fractal nanoaperture. B) Calculated reflectance spectra of a
rectangular fractal nanoaperture surrounded by different cladding media and C) the refractive
index sensitivity of the structure for the cladding media.128 D) Calculated transmittance spectra of
meandered cross nanoapertures coated with graphene at a potential of 0.2 eV and surrounded by
biomaterials with different refractive indices.130 Reproduced and adapted with the permission of
Ref. 128 and 130. Copyrights 2015 and 2017 Elsevier respectively.
4.3 Surface-Enhanced Spectroscopies
Surface-enhanced spectroscopies including Raman (SERS), fluorescence (SEF), and infrared
absorption (SEIRA) rely on the use of metallic nanostructures. Several recent reviews have been
published about these techniques,102, 131-135 ranging from the fundamentals to their applications.
The use of fractal-like structures for SERS dates back to the 1980’s.41 Since then, a variety of
fractal and fractal-like geometries have been applied to SERS, though here we are most interested
in the use of lithographically prepared fractals as these have been the primary focus of this
review.65, 69, 75, 84, 136, 137 As the SERS responses of such structures are still being evaluated, most
studies employ the use of molecules with large Raman scattering cross-sections, as shown in Fig.
8A for Sierpiński carpets coated with brilliant cresyl blue that is electronically resonant under 633
nm excitation.75 In the case of the Sierpiński carpet, only the smallest structures (introduced at the
higher-order generations (t = 5)) yield significantly greater responses than the reference Au film.
This is because the resonance(s) in the visible region are attributed to the smaller structures (side
length = 44 ± 3 nm), whereas the larger structures have resonances in the near- to mid-IR. By
mapping the integrated SERS intensity of a peak, it is possible to relate the geometry of the fractal
(Fig. 8B) to the observed SERS response (Fig. 8C).69 This approach can be used to experimentally
show spatial distribution of the enhancement over the surface of the fractal. In the case of Fig. 8C,
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the regions with the smaller nanostructures yield a stronger signal (green) than the larger structures
(black). Beyond fundamental studies, fractals can also be used for SERS-based sensing
experiments. Here, we highlight the recent work of Lafuente et al. where a three-dimensional
fractal was fabricated by a combination of anisotropic Si-etching, corner lithography, and selfassembly of gold nanoparticles.137 This fractal was then applied to the gas phase detection of
dimethyl methylphosphonate (DMMP). DMMP is used in SERS studies interested in the detection
of chemical warfare agents as it is a chemical simulant to sarin.138-142 The SERS spectrum obtained
at the top of the three-dimensional fractal (Fig. 8D) has two distinct signals at 706 and 780 cm-1
corresponding to the P–C stretching and PO2 bending modes respectively obtained with an
acquisition time of 1 second.137 As the interaction between the DMMP and the citrate of the gold
nanoparticles is reversible, purging with N2 for 25 minutes is sufficient for the DMMP signal to
disappear, thus yielding a reusable SERS substrate.
Developing structures that exhibit compatibility with SEIRA is more challenging than SERS. In
SERS, it has been shown that in ideal conditions, the maximum of the plasmon resonance must be
placed between the excitation wavelength and the Raman frequencies to yield maximum
enhancement.143, 144 Therefore, it is critical to tune the position of the resonance with respect to
both wavelengths. However, as the Raman scattered photons have a wavelength that is marginally
shifted relative to the excitation wavelength, there is less of a demand for broader LSPRs. In
SEIRA, it is necessary to have a resonance(s) that span a broad spectral region (1000-4000 cm-1,
2.5-10 μm) or a series of resonances tuned to specific domains of interest. This is often achieved
using tailored dual-band perfect absorbers and metasurfaces.77-79, 89, 90, 145 Alternatively, fractal
nanostructures can be used to achieve resonances compatible with SEIRA measurements.59, 60, 95,
146

For example, Fig. 8E depicts SEIRA spectra obtained using a fifth-order generation Cesaro-
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type fractal coated with a 10 nm layer of poly(methyl methacrylate) (PMMA).95 Using both
reflectance and transmittance measurements, characteristic vibrational modes of PMMA (as
indicated in the Fig.) were observed. Specifically, the asymmetric C–O–C stretching modes
between 1150-1250 cm-1, C=O stretching mode at 1732 cm-1, and C–H stretch combination mode
between 2952-2922 cm-1. For a nanorod-derived metasurface to achieve the same results, it would
need to be fabricated with nanorods of three different dimensions. As we have described, the midIR resonances of fractal structures can be tuned depending on the fractal shape and geometry.
SEIRA has found itself to be an effective technique for biosensing, with the current challenge
being to prepare structures and metasurfaces that exhibit resonances between 1500-1700 cm-1 and
2800-3000 cm-1 as these regions correspond to the amide and CH2 bands respectively.78 To the
best of our knowledge, no studies involving fractal structures have explored this application,
though the fractals used for SEIRA either already have or could be designed to have the resonances
in those spectral domains.59, 60, 95, 146
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Fig. 8 A) SERS spectra of brilliant cresyl blue coated Sierpiński carpets for first- through fifthorder generations and a reference Au film.75 B) SEM image of a fourth-order Sierpiński carpet and
C) SERS map of a cyanine dye coated surface.69 D) SERS spectra of a 3-dimensional fractal
exposed to dimethyl methylphosphonate (DMMP).137 A normal Raman spectrum of DMMP in
liquid is included for comparison. E) Reflectance (solid purple line) and transmittance (dashed
blue line) SEIRA spectra of PMMA coated fifth-order generation Cesaro-type fractal.95
Reflectance (solid black line) and transmittance (dashed green line) of a 10 nm thick layer of
PMMA on CaF2 and reflectance (red dashed line) spectrum of a gold film coated with a 600 nm
thick layer of PMMA are included for reference. Reproduced and adapted with the permission of
Ref. 95, 75, 69, and 137. Copyrights 2016 and 2018 American Chemical Society, 2010 Wiley and
Sons, and 2018 MDPI respectively.
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4.4 Correlative Measurements
As the spectroscopic information obtained by SERS and SEIRA can be complimentary, developing
nanostructures and metasurfaces compatible with both techniques is of interest for sensing
applications. In addition, the sensitivities of SERS and SEIRA both in enhancement and enhancing
volume are different. For typical SERS structures, enhancement factors of 104-108 are reported,147,
148

while for SEIRA, these values are typically lower (102-105).102 However, SERS is typically

only sensitive to the first few nanometers above the surface,149, 150 though the sensitivity can be
extended beyond this limit.151, 152 Whereas SEIRA enhancement extends 10’s of nanometers above
the structures.153 Therefore, performing subsequent SERS and SEIRA measurements can provide
valuable spectroscopic information about complex molecular systems. To perform correlative
measurements, it is necessary that the nanostructure, metasurface, or platform exhibit broad
resonances or series of resonances in the visible and mid-IR. Approaches for having broader
resonances include the use of clusters of nanostars,154 and ordered nanoparticle arrays,155,
nanocomposites composed of multiple materials,157,
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and hierarchical structures.159 More

relevant to the field of fractal plasmonics are structures and metasurfaces that have a series of
highly tuned resonances. For single structures, these resonances can be polarization dependent
(nanorods),27 or polarization independent (logarithmic antennas).31 We have previously
demonstrated that a platform composed of superimposed arrays of nanoprisms with varying
dimensions can provide the necessary multispectral compatibility for correlative measurements.35
For example, the Sierpiński carpet fabricated by De Nicola meets such a requirement as at the
fifth-order generation, five resonances between the visible and mid-IR.75 However, to the best of
our knowledge, no such correlative experiments have been performed with fractal structures. This
therefore serves as a field of possible interest for future sensing studies involving fractal structures.
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In addition, SPR/LSPR measurements can be coupled with vibrational spectroscopy. Doing so
provides chemical information about the adsorbed species while maintaining the label-free nature
of SPR/LSPR sensing. To this end, experiments involving probing the spectral shifts along with
either SERS,160 surface-enhanced near-infrared absorption,161 or SEIRA measurements have been
performed.162,
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Although these methods can require varying instruments, we believe that

performing subsequent measurements, as in the case of SPR/LSPR and SERS, can provide
validation of the experiment. Here, SPR/LSPR sensing would be used for the analytical detection,
while SERS would provide information about the analytes themselves. As we have described
throughout this review, the advantage of fractal nanostructures are the broad optical properties.
With sufficient development, a single fractal structure or metasurface could be used for optical
processes in the visible through mid-IR. As a result, nearly any spectroscopic measurement could
be performed either on its own, or as we recommend, in tandem with another.
5. Outlook
By using computer design and modelling, it has become easier to design fractals with a variety of
geometries. The challenge then becomes to select the ideal dimensions so that the plasmonic
properties are at the wavelengths or spectral domains of interest. To this end, using numerical
calculations can provide critical information about the plasmonic properties of the structure before
fabrication. These calculations also provide valuable insight into the nature of those properties,
such as the origin of the multiresonant nature that fractal structures have become synonymous
with. Once a configuration along with a range of dimensions and geometries have been decided
upon, advanced nanofabrication techniques can then be used to prepare the structures with
nanoscale precision. Throughout this review, we have highlighted examples for a variety of fractal
geometries. This is by no means an exhaustive list of all possible designs. The work of Benoit
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Mandelbrot can help to serve as inspiration for future structures for fractal plasmonics.36
Furthermore, given that the field of fractal plasmonics began by adapting existing structures with
properties in the GHz range, we believe that this concept of adapting geometries will continue.
Whether it is from long wavelengths to short wavelengths or vice-versa, tailoring the optical
properties to specific domains of interest is application specific.
As we have demonstrated, like traditional plasmonic nanostructures, fractal geometries can be
applied to a variety of applications ranging from plasmon-mediated sensing to solar cell
technologies. However, this is also the area that we believe will see the greatest amount of growth
in the future. With a greater understanding of the plasmonic properties comes the ability to seek
out a greater number of applications. Driving chemical reactions at the metal surface is one such
application.164, 165 By utilizing fractal geometries, a variety of excitations wavelengths and sources
could be used. A significant advantage could be the use of white light sources to perform the
reactions assuming that the fractal supports broad properties in the visible region, as is also
associated with plasmonic solar cells. Simultaneously, the reaction progress could be monitored
by using plasmon-mediated spectroscopy, either using visible or infrared light. Depending on the
nature of the chemistry performed, techniques such as multiplexing measurements where multiple
analytes are introduced could be performed.7, 103 Beyond designs and applications, the next steps
include integration into devices. In the case of sensing, given the use of advanced nanofabrication,
microfabrication can be subsequently used to perform measurements involving microfluidics.166,
167

Like the broadband nature of the fractal themselves, fractal plasmonics has emerged as a field

of interest for a broad range of scientific and engineering disciplines and has the potential to widely
grow. From fundamental developments in structures and optical properties, to the use of different
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techniques, and exploiting them for a variety of applications, fractals plasmonics has successfully
emerged as an important sub-field in the ever-expanding field of nanoscience.
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